Bars are a key factor in the long-term evolution of spiral galaxies, in their unique role in redistributing angular momentum and transporting gas and stars on large scales. The Eris-suite simulations are cosmological zoom-in, N -body, smoothed-particle hydrodynamic simulations built to follow the formation and evolution of a Milky Way-sized galaxy across the build-up of the large scale structure. Here we analyse and describe the outcome of two particular simulations taken from the Eris suite -ErisBH and Eris2k -which mainly differ in the prescriptions employed for gas cooling, star formation, and feedback from supernovae and black holes. Our study shows that the enhanced stellar feedback in Eris2k, compared to that of ErisBH, results in a galaxy which is less massive that its ErisBH counterpart till z ∼ 1. However, when the stellar content is large enough so that global dynamical instabilities can be triggered, the galaxy in Eris2k develops a stronger and more extended bar with respect to ErisBH. We demonstrate that the structural properties and time evolution of the two bars are very different. Our results highlight the importance of accurate sub-grid prescriptions in cosmological zoom-in simulations of the process of galaxy formation and evolution, and the possible use of a statistical sample of barred galaxies to assess the strength of the stellar feedback.
INTRODUCTION
Since the seminal papers by Hubble (1936) and de Vaucouleurs (1963) , bars have been considered major actors in the long-term evolution of spiral galaxies (Kormendy & Kennicutt 2004; Kormendy 2013) . Bars provide a deviation from an otherwise axisymmetric potential and, thus, allow both to redistribute angular momentum and to transport stellar and gaseous components on local and global scales (Tremaine & Weinberg 1984; Lynden-Bell & Kalnajs 1972; Athanassoula 2003) . Amongst the consequences driven by this migration process, the aging of the inner galactic environment (e.g. Cheung et al. 2013; Gavazzi et al. 2015; Consolandi et al. E-mail: tzana@studenti.uninsubria.it 2016 Consolandi et al. E-mail: tzana@studenti.uninsubria.it , 2017 Khoperskov et al. 2018 ) and the formation of major sub-structures, such as the frequently observed boxypeanut bulges (e.g Combes et al. 1990; Kormendy 1993; Chung & Bureau 2004; Kormendy 1993; Athanassoula 2005 Athanassoula , 2008 , or the characteristic star-forming rings (e.g. Buta et al. 2004; Romero-Gómez et al. 2007) , are intimately connected to the presence of a bar. For these reasons, the study of the properties of the bar and of its complex interplay with the host system has become a key factor in modern galaxy evolution theories. When N -body techniques were first applied to stellar dynamical problems, many significant steps forward were taken on the way to investigating the non-axisymmetries formation and growth (Miller et al. 1970; Hohl 1971; Ostriker & Peebles 1973; Sellwood & Athanassoula 1986; Pfenniger & Friedli 1991) and their effects on the disc material (e.g. Sanders & Huntley 1976; Roberts et al. 1979; Athanassoula 1992; Ho et al. 1997; Martinet & Friedli 1997; Ho et al. 1997; Lütticke et al. 2000; Laurikainen et al. 2004; Bureau & Athanassoula 2005; Jogee et al. 2005; Kormendy 2013; Cheung et al. 2013; Fanali et al. 2015; Hakobyan et al. 2016; Consolandi et al. 2017 ). However, it is only with the recent improvement in spatial and mass resolution of numerical simulations and thanks to the development of state-of-the-art sub-grid recipes that the topic can be properly addressed in the cosmological context.
The theoretical study of barred galaxies in a fully cosmological context has started only recently, following the first zoom-in simulations that produced realistic late-type galaxies (see, e.g. Robertson et al. 2004; Governato et al. 2007; Scannapieco et al. 2009; Feldmann et al. 2010; Brooks et al. 2011) . Indeed, both the combination of high resolution and effective stellar-feedback prescriptions are required in order to prevent the accumulation of central low angular momentum gas, allowing for the build-up of cold discs with flat rotation curves comparable with observations (Navarro & Benz 1991) .
The Eris-suite simulations (e.g. Eris, Guedes et al. 2011; ErisLE, Bird et al. 2013; ErisBH, Bonoli et al. 2016; and Eris2k, Sokołowska et al. 2016, 2017) succeeded in reproducing a set of realistic spiral galaxies in zoom-in cosmological volumes, thanks to a smart management of the feedback receipts, and provide a fruitful laboratory to explore numerous physical processes in a cosmological context. In particular, the runs ErisBH (Bonoli et al. 2016 ) and Eris2k (Sokołowska et al. 2016 (Sokołowska et al. , 2017 ) -described in Section 2 -whilst sharing the same initial conditions, implement different unresolved stellar-physics prescriptions, leading to the formation of two realistic, although different, disc galaxies, both hosting physical 1 kpc-scale stellar bars.
In this paper, we detail the differences between the main galaxies forming in the two above-mentioned cosmological runs, both in the whole disc structure (Section 3), the formation and growth of their bars (Section 4), and the following deaths of the same sub-structures (Section 5). Section 6 presents a dynamical analysis that links the observed differences to the different stellar-physics sub-resolution prescriptions. Finally, we present our conclusions in Section 7.
NUMERICAL SETUP
The two simulations analysed in this work -Eris2k and ErisBH -are part of the Eris suite, a family of cosmological zoom-in simulations built to follow the formation and evolution of a local Milky Way (MW)-sized galaxy and run with the N -body, smoothed-particle hydrodynamics code gasoline (Stadel 2001; Wadsley et al. 2004) .
All simulations in the suite share the same cosmological parameters (from the Wilkinson Microwave Anisotropy Probe three-yr data: ΩM = 0.24, ΩΛ = 1 − ΩM, Ω b = 0.042, h = 0.73, n = 0.96, and σ8 = 0.76; Spergel et al. 2007 ) and the same cosmological box of (90 comoving Mpc) 3 , within which a low-resolution dark-matter (DM)-only simulation with 300 3 DM particles is run from redshift z = 90 down to z = 0. After a target halo (with halo mass similar to that of the MW and a late quiet merging history) is chosen, a zoom-in hydrodynamical simulation is performed with 1.3 × 10 7 DM particles and 1.3 × 10 7 gas particles within a Lagrangian sub-volume of (1 comoving Mpc) 3 around such a halo. The mass and spatial resolution in the high-resolution region are given by the mass of DM (mDM = 9.8 × 10 4 M ) and gas (mgas = 2 × 10 4 M ) particles, and by the gravitational softening of all particle species: = 1.2/(1 + z) kpc for 90 ≥ z > 9 and 0.12 kpc for z ≤ 9.
The main differences within the suite lie in how (i) gas cooling, (ii) stellar models (including star formation -SFand feedback from supernovae -SNae), and (iii) black hole (BH) physics are implemented. In the following, we will focus on the distinction between ErisBH (run down to z end = 0) and Eris2k (z end = 0.3).
Both simulations include Compton cooling and primordial atomic non-equilibrium cooling in the presence of a redshift-dependent cosmic ionizing background Madau 2012 in Eris2k and Madau 1996 in ErisBH) . The modelling of metal cooling varies amongst simulations. In ErisBH, cold gas (Tgas < 10 4 K) can cool from the de-excitation of fine structure and metastable lines (C, N, O, Fe, S, and Si), and is maintained in ionization equilibrium by a local cosmic ray flux (Bromm et al. 2001; Mashchenko et al. 2008) . In Eris2k, a look-up table (Shen et al. , 2013 is used, in which the cooling rates for the first 30 elements in the periodic table are pre-computed as a function of gas temperature (10 ≤ Tgas ≤ 10 9 K), density (10 −9 ≤ nH ≤ 10 4 cm −3 , where nH is the hydrogen number density), and redshift (0 ≤ z ≤ 15.1), using cloudy (Ferland et al. 1998 ) and assuming photo-ionization equilibrium (PIE) with the cosmic ionizing background. Cooling is stronger in Eris2k at all temperatures: for Tgas > 10 4 K, the presence of metals can increase cooling rates even by orders of magnitude ); for Tgas < 10 4 K, it was shown that PIE cooling is enhanced with respect to collisional ionization equilibrium cooling (what used in ErisBH, assuming cosmic rays are unimportant), mostly because PIE tables are computed under the assumption of an optically thin gas and therefore overestimate the true metal cooling rates of low-temperature gas (Bovino et al. 2016; Capelo et al. 2018) .
Gas particles denser than ρSF, colder than TSF, and with a local gas overdensity >2.63 are allowed to form stars, i.e. stochastically converted into star particles so that dM * /dt = * Mgas/tdyn, where Mgas and M * are the mass of gas and stars involved in the SF event, respectively, t dyn = (4πGρgas) −1/2 is the local dynamical time, ρgas is the gas density, G is the gravitational constant, and * = 0.1 is the SF efficiency (Stinson et al. 2006) . Stars form in a denser (ρSF = 10 2 mH versus 5 mH g cm −3 , where mH is the hydrogen mass) and colder (TSF = 10 4 versus 3 × 10 4 K) gas environment in Eris2k than in ErisBH.
At each SF event, the new stellar particles (each of mass ∼ 6 × 10 3 M ) are a proxy for a stellar population with a given initial mass function (IMF). The different IMF implemented (Kroupa 2001 in Eris2k and Kroupa et al. 1993 in ErisBH) translates into about three times more stars in the mass range 8-40 M in Eris2k than in ErisBH, for a fixed stellar particle mass (Shen et al. 2013; Sokołowska et al. 2016) . Such difference is relevant because stars with mass within that range can explode as SNae, injecting mass, metals, and thermal energy into the surrounding gas, according to the "blastwave model" of Stinson et al. (2006) . The energy from SNae (ESN ≡ SN × 10 51 erg per SN, with SN = 0.8 and SN = 1 for ErisBH and Eris2k, respectively) heats the surrounding gas particles, which are then allowed to cool radiatively, but only after a cooling shut-off time equal to the survival time of the hot low-density shell of the SN (McKee & Ostriker 1977; in ErisBH) or twice that (in Eris2k), in order to prevent the gas from quickly radiating away the SN energy because of the limited resolution.
In Eris2k, thermal energy and metals are turbulently diffused Shen et al. 2010) , whereas in ErisBH this applies to the thermal energy only.
With respect to Eris2k (and to all other simulations in the Eris suite), ErisBH includes additional prescriptions, in the form of seeding, accretion, feedback, and merging of BHs. BH seeds are inserted at the centre of a given halo when such a system is bound, is resolved by at least 10 5 particles, has at least 10 gas particles with density >10 2 mH g cm −3 , and does not already host a BH. The seeded BH has an initial mass proportional to the number of high-density gas particles. BHs are then allowed to accrete the surrounding gas according to the commonly-used Bondi-Hoyle-Lyttleton formula (Hoyle & Lyttleton 1939; Bondi & Hoyle 1944; Bondi 1952) , with a maximum allowed accretion rate set by the Eddington (1916) limit. While accreting, BHs exert feedback by injecting onto the surrounding medium, in the form of thermal energy, 5 per cent of the radiated luminosity. Finally, two BHs can merge if they have short separations and low relative velocities (Bellovary et al. 2010 ).
Overall, all the different sub-grid prescriptions and parameters in Eris2k with respect to ErisBH (enhanced cooling, larger SF density threshold, different IMF, increased SN energy, and longer cooling shut-off time) lead to a globally increased stellar feedback in the former simulation (Sokołowska et al. 2016 (Sokołowska et al. , 2017 . On the other hand, the implementation of BHs in ErisBH leads to a potentially boosted feedback effect in the central regions of the galaxy, although this strongly depends on the mass of the BH, which in ErisBH reaches ∼2.6 × 10 6 M at z = 0 (Bonoli et al. 2016) .
Both the runs result in the formation of two barred MW-sized disc galaxies of stellar mass ∼ > 10 10 M , showing no "classical" bulge component. The stellar surface density 2 Σ * and its decomposition into sub-components are shown for the final snapshots of the two runs in Figure 1 . The details of the global properties of the galaxies and of their substructures and their dependencies on the different baryonicphysics prescriptions will be the focus of the next two sections. Figure 1 . Profile decomposition of Σ * for the ErisBH (upper panel) and Eris2k (lower panel) runs at their last snapshots. The black lines mark the profiles of Σ * measured from the snapshots, whereas the yellow lines refer to the best fits obtained with two (four) Sérsic (1963 Sérsic ( , 1968 ) components for ErisBH (Eris2k). Both galaxies require a stellar disc component (blue curve) and a less extended component (red curve) associated with the stellar bar. Eris2k shows a third central component associated to a recent burst of SF fuelled by bar-driven gas inflows (green curve; see Section 5) and a fourth component (magenta curve) to fit the background. The vertical solid lines mark the position of the scale radii of the corresponding fits with the same colour code, whereas the black dashed lines show the bar length (R Φ ) defined in Section 4.
FEEDBACK EFFECTS ON GLOBAL SCALES: GALAXY GROWTH HISTORIES
As discussed above, ErisBH and Eris2k share the same cosmological initial conditions and, as a consequence, are hosted in extremely similar large-scale DM haloes. Only the central regions of these DM haloes differ one from the other because of the unequal evolution of the baryons that dominate the central dynamics (see the two lowermost panels in Figure 2 ). This is mostly due to the different implementations of the IMF in the two runs, which result in a considerable disparity in the energy input into the interstellar medium via SN feedback. Indeed, the specific SN feedback energy input in new stars is 3.9 × 10 48 and 1.0 × 10 49 erg M −1 in ErisBH and Eris2k, respectively 3 (i.e. the SN energy per unit mass is more than 2.5 times higher in the Eris2k run). The enhanced feedback in Eris2k results in a larger fraction of the gas being preserved from forming stars, and thus, in a delayed stellar mass growth, as shown in the two uppermost panels of Figure 2 . The steady increase of stellar mass produces, in turn, an increment of the DM component within the inner 20 kpc (of about 10 10 M with respect to ErisBH), caused by the consequent adiabatic contraction. Interestingly, the radial extent of the galaxies is less sensitive to the different amount of SN feedback. Due to the large (and varying) number of components needed to accurately fit Σ * in the two runs, and the uncertainty associated to the fitting of an inherently elongated structure (the bar) with an axisymmetric component, we prefer not to estimate the disc extent directly from the scale length of the fitted disc component (see Figure 1 for an example of such decomposition). We decided instead to compute the Kron (1980) radius RK, i.e. a mass-averaged radius of the galaxy: 4
4 Note that the original formulation of the Kron radius weighs the radii using the stellar surface brightness, whereas here we are interested in the actual mass distribution. The two approaches are equivalent under the assumption of a R-independent mass-tolight ratio.
evaluated at the radius R where dRK/dR < 0.03. 5 Although the stellar masses of the two galaxies (both within 2 and 20 kpc) can differ by almost a factor of two, the Kron radii are within ∼10 per cent of each other (around 3 kpc), hinting to a similar effect of the different stellar-physics prescriptions over the whole galactic disc. A comparison between the two runs at different times is presented in Figure 3 . It is worth emphasizing here a fundamental difference between the studies of idealized isolated disc galaxies and cosmological studies: whereas in the former case the galaxies evolve for up to ∼10 Gyr (e.g. Athanassoula et al. 2013 ) as if they formed from a monolithic collapse at the dawn of times, here each galaxy undergoes a significant evolution in mass and size, even during the last evolutionary stages when a growing bar is present. This gives us the unique opportunity to link the evolution of sub-structures, in particular the bars, to the cosmological growth history of the galaxies.
FEEDBACK EFFECTS ON SUB-STRUCTURES: THE DIFFERENT LIVES OF BARS
We performed a Fourier decomposition of the face-on view of the stellar surface density Σ * in order to quantify the formation epochs, strengths, lengths, and angular speeds of the bars forming in the two simulated galaxies. More specifically, we computed the local strength of any bar-like deviations from axisymmetry through the quadrupole-to-monopole ratio of the Fourier development:
where θj is the azimuthal angle of the j-th particle of mass mj in the disc plane and the summation is carried over all the stellar particles enclosed in an annulus of width ∼10 pc, height 2 kpc, and centred at the radius R. Analogously to what has been done in Zana et al. (2018a) , we also provide an averaged bar strength parameter A2(< R), evaluated through Equation (2), but including all the particles enclosed within the radius R. The maxima of the two profiles -A2,max(R) ≡ max[A2(R)] and A2,max(< R) ≡ max[A2(R)] -are used as estimates of the bar strength, and their evolution with time is shown in the two uppermost panels of Figure 4 . The sizes of the growing bars and their angular speeds are obtained analyzing the radial profile of the angular phase of any two-fold asymmetry:
where the sum is performed over the particles within narrow radial annuli as was done for A2(R). Wherever a bar-like structure (i.e. a straight m = 2 mode) is present, the profile of Φ(R) shows a plateau. The length of such asymmetry RΦ, whose evolution is shown in the third panel of Figure 4 , has Figure 3 . Comparison between the stellar density maps of the main galaxies in ErisBH (first and third rows) and Eris2k (second and fourth rows) simulations. The boxes measure 40 kpc per side and have a fixed logarithmic colour scale, ranging from 10 to 10 11 M kpc −3 .
In the first block on top (six panels), we show, from left to right, the systems at z = 3, 2, and 1.14, which is when the bar starts growing in Eris2k (see Section 6). In the lower block (five panels), the redshift are z = 0.74 (the ErisBH bar formation time), 0.31 (the last snapshot of Eris2k), and 0, which is present only for the ErisBH simulation, since the Eris2k run has been halted at z ∼ 0.3. been estimated by checking for the extent of such plateau. Operatively, RΦ is defined as the radius at which Φ(R) deviates from Φ(R peak ) by more than arcsin(0.15), where R peak is the radius corresponding to A2,max(< R). 6 Whereas the procedure to identify the bar is applied without restrictions on the ErisBH run, the bar in the Eris2k simulation appears less defined and the related surface density profiles are, in general, more noisy. As a consequence, a clear bar is not always evident in every snapshot, for the A2(R) [and the A2(< R)] profile has likely more than one peak 7 and its trend is not obvious. Thus, the analysis re- 6 We note that a first prescription of such a kind has been discussed in Athanassoula & Misiriotis (2002) , where they checked for deviations from the cumulative value of Φ integrated out to the outermost regions of the galaxy. This is an optimal prescription for the study of idealised isolated galaxies, where no satellites and other cosmological structures are present. The value of the phase at the peak of A 2 (< R) has been originally proposed by Zana et al. (2018b) as reference exactly to avoid the contaminations from (minor-)mergers, flybys, and other substructures within the disc. 7 The various peaks could be due, for instance, to a deformation of the bar structure, the growth of other disc instabilities, or the presence of a stellar cluster.
quires some additional steps in order to retrieve the correct bar parameters in the Eris2k main galaxy.
For each snapshot, we first collect a list of all the peaks in the A2(< R) profile, that correspond to as many m = 2 overdensities. Then, for each peak, we check the phaseshift of its corresponding overdensity through Equation (3) and select the structure only if the overdensity has constant phase, i.e. if |Φ(R peak ) − Φ(R)| < arcsin(0.15), 8 over a radial range ∆R > 0.6 R peak . When more than one overdensity survives this selection, we choose the one with the highest value of A2(R). The relatively wider fluctuations in the red lines of Figure 4 , with respect to the blue ones, are signs of the "clumpiness" of the Eris2k surface density map (see Figure 3 ). Some of them are absent in the purple lines, which provide an alternative estimate for the quantities A2,max(R), A2,max(< R), and RΦ, using |Φ(R peak ) − Φ(R)| < arcsin(0.3), instead of arcsin(0.15). Even if it is clear that the differences between the two estimates are minimal, we notice that the fluctuations are just numerical and can be removed, e.g. by increasing the maximum variation allowed to Φ(R). Unfortunately, this comes at the price of losing accuracy in the determination of RΦ, and we decided to keep arcsin(0.15).
Whenever a bar is present, its angular speed Ω bar (lowest panel of Figure 4) is computed using the values of Φ bar [obtained by averaging Φ(R) over the annuli that are part of the bar] between consecutive snapshots.
In order to avoid possible effects due to the sub-optimal resolution or to misinterpret transient deviations from axisymmetry (caused, for instance, by a self-gravitating object not originated from the disc), we impose very conservative requirements for the detection of a strong bar in the analysed runs. We identify a strong bar when (i) A2,max(R) > 0.2; (ii) RΦ > 1 kpc (about 10 softening lengths for z < 9).
These criteria result in a bar formation epoch of z ∼ 1.14 for Eris2k and z ∼ 0.74 for ErisBH 9 (the conditions are also briefly met at z ∼ 1.2, but this is due to the last minor merger; see Bonoli et al. 2016) . The evolutions in strength, length, and speed of the two forming bars are remarkably different. Eris2k has a significantly faster evolution, with the bar length reaching a close to constant value in less than 1 Gyr. The sudden drop in the strength and length of the bar at z ∼ 0.95-0.8 has been studied in Zana et al. (2018b) , and is caused by the temporary shuffling of the orbits of the stars building the bar, due to the close passage (pericentric distance of ∼6.5 kpc) of a small satellite (of mass ∼ 1.1 × 10 8 M ). As discussed in Zana et al. (2018b) , the satellite passage does not modify substantially the primary potential profile nor, as a consequence, Ω bar , and the bar regains its pre-interaction properties within ∼1 Gyr. Only close to the end of the run (age > 9 Gyr in Figure 4 ), the Eris2k bar starts to weaken and shorten, due to a bar-driven strong inflow of gas as in the bar-suicide scenario (see Section 5).
The ErisBH bar, on the other hand, shows a later start and a slower evolution, with strength and length gradually growing till z ∼ 0, when the growth in A2(R) and A2(< R) slows down due to the vertical instabilities and the consequent buckling of the bar (see Section 5). 10 Ω bar shows a slow and approximately constant decrease, as commonly found in isolated systems (see, e.g. Athanassoula 2003) . 11
FEEDBACK EFFECTS ON SUB-STRUCTURES: THE DIFFERENT DEATHS OF BARS
The weakening and shortening of the Eris2k bar at z ∼ < 0.4 is related to the strong bar-driven gas inflow within the central 400 pc observable in the middle panel of Figure 5 . It must be noted that, at higher redshift, the mass of the galactic nucleus in Eris2k remains significantly lower than in ErisBH, due to the same higher impact of SN feedback that delays the overall growth of the galaxy with respect to its ErisBH counterpart. Only when the galaxy potential well is deep enough and the bar is already fully developed, the gas flowing toward the central regions of the galaxy can efficiently form a central stellar knot. This gas transfer leads to the socalled "bar-suicide" process (e.g. Pfenniger & Norman 1990; Norman et al. 1996; Berentzen et al. 1998; Shen & Sellwood 2004; Athanassoula 2005; Debattista et al. 2006) , which is when the fast differential precession at different radii unravels the stars in the inner regions of the bar, decreasing its strength.
The effect of such a dense stellar nucleus is clearly observable in the radial profile of the precession frequency Ω(R) − κ(R)/2 of a test particle on (little-)eccentric orbits in the disc plane (see, e.g. Binney & Tremaine 2008) , where Ω(R) is the circular angular frequency and κ(R) is the frequency of small radial oscillations, here computed in the epicyclic approximation. Ω(R) − κ(R)/2 is strongly sensitive to any central mass concentration and has been already used to put constraints on the central massive BH mass of a disc galaxy, even when the BH influence radius was poorly resolved (Combes et al. 2014) . The profiles of Ω(R) and Ω(R) − κ(R)/2 are shown in Figure 6 for the last snapshot of the two runs. Eris2k shows a central cusp in Ω(R) − κ(R)/2, that drops only at radii comparable to the gravitational force resolution. Such peak is not present before the above-mentioned gas inflow, and, as a consequence, no inner Lindblad resonance [ILR, defined by the intersection between Ω(R) − κ(R)/2 and Ω bar ] was found until z = 0.43, as shown in the bottom panel of Figure 5 . 12 The precession frequency profile is considerably different in the ErisBH case, where the increase of Ω(R) − κ(R)/2 toward the centre starts earlier in time and at larger radii, due to the large mass concentration already present at high redshift, but does not keep growing to the smallest resolved scales, probably due to the BH feedback implemented in this run. 13 As a consequence, the ILR in ErisBH appears only when the bar has slowed down enough to intersect the Ω(R) − κ(R)/2 profile, as shown in the bottom panel of Figure 5 .
The slowing down of the bar growth in ErisBH is not associated to any gas inflow, as demonstrated in Figures 5 (the stellar mass within 400 pc shows a decrease at low redshift) and 6, but it is due to the "buckling" of the central regions of the bar, when the radial motions get partially converted into vertical motions above the disc plane, breaking the symmetry of the stellar distribution with respect to the disc plane and weakening the bar (e.g. Combes & Sanders 1981; Raha et al. 1991; Martinez-Valpuesta & Shlosman 2004; Debattista et al. 2004 Debattista et al. , 2006 . gaseous inflow is fully responsible for the increase in the central mass concentration. 13 The influence radius of the BH in ErisBH is far from being resolved. If it was resolved, Ω(R) − κ(R)/2 would show a central divergence at pc scales and an ILR would always be present at such scales. As originally suggested by Raha et al. (1991) , the buckling is expected to occur when the ratio between the vertical and the radial velocity dispersion σ 2 z /σ 2 R decreases below a given stability threshold. We follow Martinez-Valpuesta et al. (2006) by computing σ 2 z /σ 2 R on the stars that are in the bar only, i.e. by selecting only particles within 2 kpc from the disc plane and within 2 kpc from the bar's major axis. Isolated numerical models set the buckling-unstable threshold to σ 2 z /σ 2 R ≈ 0.6 (Sotnikova & Rodionov 2005) . The evolution of σ 2 z /σ 2 R is presented for ErisBH in the upper panel of Figure 7 , showing a decreasing trend as a function of time down to the above-mentioned threshold at z ∼ 0.1. Martinez-Valpuesta et al. (2006) performed a Fourier decomposition of the side-on stellar surface density 14 and selected the m = 1 (over the m = 0) mode as an estimate of the degree of buckling, according to
where the sum is performed only over the bar stars with the same geometrical limits adopted for the computation of σ 2 z /σ 2 R . The time evolution of A1,z, estimated within 14 Defined as the edge-on projection of the galaxy, with the line of sight perpendicular to the bar major axis, referred to as x hereby. xmax < 1 kpc, A1,z(< 1 kpc), is shown in the middle panel of Figure 7 . A net increase in the buckling parameter is clearly observable as soon as the galaxy becomes buckling-unstable, due to the breaking of symmetry with respect to the disc plane. This bump corresponds to an increase in σz (hence in the σ 2 z /σ 2 R parameter) observable in the upper panel at late times. The richness of small sub-structures of both cosmological and internal origin produces the fluctuations present in the evolution of A1,z(< 1kpc).
We therefore engineer a new quantitative estimate for the degree of buckling: at any value of x, we first compute the height above and below the disc plane within which 90 per cent of the stellar mass is included [dubbed z + (x) and z − (x), respectively], applying again the same geometrical boundaries used to compute σ 2 z /σ 2 R and A1,z. We then quantify the buckling asymmetry by computing the x-averaged relative difference of the z + (x) and z − (x) profiles:
The evolution of δ is shown in the bottom panel of Figure 7 , where a clear prominent peak is observed at z ∼ < 0.1, in agreement with the other estimators. The buckled part of the disc does evolve close to the end of the run into a boxypeanut bulge, decreasing the asymmetry as observable both in A1,z(< 1kpc) and δ, as already detailed for the ErisBH case in Spinoso et al. (2017) .
DYNAMICAL INTERPRETATION OF THE DIFFERENT BAR PROPERTIES
Two parameters are commonly (see, e.g. Ostriker & Peebles 1973; Combes & Sanders 1981; Sellwood 1981) considered to determine the susceptibility of a stellar disc to develop bars. These are the Q parameter (Toomre 1964) , defined as
where σR is the radial velocity dispersion and G the gravitational constant, and the swing amplification parameter for an m = 2 perturbation X (Goldreich & Tremaine 1978 , defined as
where λcrit = 2π/kcrit = 4π 2 GΣ κ −2 is the longest unstable wavelength 15 (Binney & Tremaine 2008) . Although a precise value to determine the onset of non-axisymmetric instabilities is not available, a common assumption (that we also use in what follows) is that spiral waves and bars can form for 1 < Q 2 and X 3 (e.g. Toomre 1964 Toomre , 1981 .
To assess the conditions for bar formation in Eris2K and ErisBH, we estimate Q, X, and λcrit as a function of R for different redshifts, from z = 1.75, when the bar is not formed yet, down to z = 0.34. The different quantities are reported in Figure 8 (ErisBH) and Figure 9 (Eris2K). We stress that both Q and X depend directly on the galactic potential, hence on the stellar distribution within the galaxy. Differences in these parameters are directly associated to the different (both in time and space) SF histories in the two runs, as discussed in Sections 3 and 4.
In ErisBH, Q (top panel) does not vary significantly over the redshift range considered, showing a flat radial profile with Q ∼ > 2.5 between R = 1 and 4 kpc. In Eris2K, on the other hand, Q monotonically decreases, settling around Q ∼ 1.5 for R < 4 kpc and remains always lower than the ErisBH values. We note that, in Eris2K, the flattening in the profile of Q occurs when the bar forms, with Q ∼ > 3 only above R ∼ 5 kpc, corresponding roughly to the extension of the bar (see Figure 4 ). Assuming a critical value Qcrit ∼ 2 for global instabilities to develop, the observed trends confirm indeed that the bar in Eris2K, at formation time, is already larger and stronger than that in ErisBH, which is limited to the central kpc only.
λcrit (middle panels) and X (bottom panels), on the other hand, show a completely different evolution. As the galaxy evolves, λcrit (X) in ErisBH exhibits a slow decrease (increase) that limits the maximum extension the bar could possibly reach during its evolution. In Eris2K, instead, both quantities remain (almost) constant, witnessing a negligible change of the bar properties.
A comparison of the two figures shows that the (slightly) later formation time and the initial extension of the bar in ErisBH can be easily explained in terms of Q and X, that are ∼1.5-2 times larger (for R 4-5 kpc) than in Eris2K, making the disc in the latter case prone to stronger instabilities able to trigger the formation of a stronger and more extended bar.
During the evolution of the bar, the stability parameter analysis remains consistent with the picture in Figure 4 . In particular, the bar in ErisBH is initially small (Q < 2 only within the central kpc), and grows up to RΦ ∼ 4 kpc by z = 0. The maximum extension in this case is limited by the decrease of λcrit, which peaks around 4 kpc at z = 0.34. The bar in Eris2k, on the contrary, is fully developed from its start, because of Q 2 up to R ∼ 4 kpc and λcrit peaking around 6-7 kpc, but does not evolve significantly with redshift. The only exception is z = 0.34, when the bar starts to dissolve, and the disc becomes stable also at smaller scales (Q and X start to increase and λcrit drops to less than 4 kpc).
It should be noted that Toomre's stability Equation (6), as well as the swing amplification Equation (7) are derived in the Wentzel-Kramers-Brillouin (WKB) approximation, 16 which is only reliable when λcrit is short compared to the length of the system, or if X > 1. Although our discussion is only aimed at the comparison of the evolving properties of the two simulations, it is clear that the WKB approximation is not satisfied for R ∼ < 1 from Figures 8 and 9 . The description of instability waves in these conditions would require a more advanced method in non-linear theory, which is beyond the scope of this work. 
CONCLUSIONS
In this study, we presented a detailed comparison of the differences between two distinct cosmological zoom-in simulations starting with the same initial conditions. The different physical prescriptions on unresolved scales assumed in the two runs resulted in the formation of two disc barred galaxies whose bars show very different properties. A bar forms early (z ∼ 1.1) in Eris2k, reaching a size of ∼ > 6 kpc within a very short initial growth phase of ∼1 Gyr. After such sudden growth, both the bar length and precession velocity remain approximately constant up to the final stages of weakening due to a bar-triggered gas inflow as in the bar-suicide scenario. Large and fast bars, like that of Eris2k, are not uncommon in the Universe. Some examples are provided, for instance, by UGC 508, UGC 3013, or UGC 4422 (Font et al. 2017 ). On the other hand, the bar in ErisBH starts forming at slightly later times (z ∼ 0.7) and keeps increasing its size (and decreasing its precession velocity) until the end of the run. The bar in ErisBH remains always smaller than its Eris2k counterpart, reaching a maximum size of ∼4 kpc at z ∼ 0, when it stops growing due to a buckling event.
In Zana et al. (2018a) , we demonstrated that the last minor merger in the ErisBH simulation does not provide the initial trigger necessary to the formation of the bar. However, the encounter can induce a delay in the formation time. The difference between the bar formation epochs of ErisBH and Eris2k, being of the same order of magnitude of such a delay, could also be explained by a dynamical perturbation external to the galactic environment. As a consequence, it is not clear whether the overall feedback produces any variation in the bar formation time, but it surely sensibly controls its structural properties by moulding the disc potential both on small and large scales.
The distinct bar evolutions and features are due to the different mass growths of the galaxy. The stronger stellar feedback in Eris2k has the effect of initially pushing the gas out of the galaxy, more effectively reducing the SF, and results, in turn, in an initial stellar mass smaller than that in ErisBH. The pushed-away gas flows back onto the main galaxy but, only when the disc is massive enough to prevent SN-driven massive gas ejections, Eris2k starts forming stars with high SF rate. The more efficient removal of low angular momentum gas at early times in Eris2k results in a lower central mass concentration with respect to ErisBH. Such central stellar nuclei contribute in shaping the overall gravitational potential of the two galaxies, initially determining the size of the bar-unstable regions and, on the long run, the bar evolutions.
A recent study by Gavazzi et al. (2015) has observationally proved a link between a knee mass (M knee ) in the specific SF rate versus stellar mass plane for local SF galaxies and the occurrence of strong bars at z ∼ 0. They further speculated that the increased probability of forming a bar at high masses could explain the correlation they found between M knee and z. The paucity of sufficiently high angular resolution images of stellar discs at cosmological distances prevents the statistical confirmation of such conjecture. Interestingly, the bars in ErisBH and Eris2k form when the galaxies become more massive than M knee (z), as shown in Figure 2 . A larger statistical sample of high-resolution cosmological simulations of disc galaxies could populate the bar-formation-mass versus z plane, to theoretically probe the redshift-dependent mass threshold for bar formation proposed by Gavazzi et al. (2015) .
It is noteworthy how well the feedback prescriptions can be connected to the different bar morphologies. Although the rigid constraints chosen to identify a strong bar (which are the subject of this investigation) are not fulfilled in the ErisBH run for z > 0.7, a small non-axisymmetric overdensity could anyway be observed, surely more pronounced with respect to the Eris2k equivalent galaxy (at the same redshift; see Figure 4 ). Despite the presence of this possible proto-bar (that can also be due to spurious numerical effects, as stressed in Section 4), it is clear that the evolved bar at lower redshift remains close to the nuclear region, in contrast with the grand-scale bar of Eris2k. These differences could be attributed to the distinct domains of the feedback mechanisms: whereas the effect of BH feedback is confined to the region < 1 kpc, the strong stellar feedback in Eris2k acts on a global scale.
Even though we are limited by having analysed galactic bars from only two cosmological zoom-in simulations, it is enticing to speculate on the general relationship between feedback and bars. From the results presented in this work, one can expect that, at low redshift (z 1), bars are generally stronger and longer when the feedback is enhanced. Since strong/long bars are easier to observe, especially at z 0.5, the number of observed bars could give us some hints on the strength of stellar feedback during the cosmological build-up of galaxies. We caution, however, that this comparison is possibly degenerate with other physical phenomena, such as the global merging history and environment.
In conclusion, this study clearly highlights a link between the structural properties of bars (and of the whole discs) and the sub-resolution physics implemented in simulations. This connection could be exploited to constrain and better tune the parameters of such implementations, possi-bly breaking the degeneracy with other free parameters such as, e.g. spatial and mass resolution or BH physics. A large number of high-resolution cosmological simulations would be necessary for the purpose, also to isolate the influence of the external perturbations on to the processes of bar formation and evolution (see Zana et al. 2018b , for an example on the Eris2k case).
